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The short answer: it’s an opaque, nondeterministic machine that 
emits variable-length sequences of discrete1 symbols. 

What we mean by “Hidden” in “Hidden Markov Model”:	


We can take the machine apart and look inside to see how many states 
there are and how they are connected, but we can’t look inside the 
machine while it’s running.  (However, we can make inferences about 
what probably happened inside the machine, based on its output.) 
1...usually, though not always...  



An HMM is a stochastic machine M=(Q, α, Pt, Pe) consisting of the 
following: 

•  a finite set of states, Q={q0, q1, ... , qm} 
•  a finite alphabet α ={s0, s1, ... , sn} 
•  a transition distribution Pt : Q×Q                 i.e., Pt (qj | qi)    
•  an emission distribution Pe : Q×α                i.e., Pe (sj | qi) 
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M1=({q0,q1,q2},{Y,R},Pt,Pe) 

Pt={(q0,q1,1), (q1,q1,0.8), 	


       (q1,q2,0.15), (q1,q0,0.05), 	


       (q2,q2,0.7), (q2,q1,0.3)}	



Pe={(q1,Y,1), (q1,R,0), (q2,Y,0), (q2,R,1)} 

An Example 
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P(YRYRY|M1) =	



a0→1b1,Ya1→2b2,Ra2→1b1,Ya1→2b2,Ra2→1b1,Ya1→0 	



=1  1  0.15  1  0.3  1  0.15  1  0.3  1  0.05 	


=0.00010125	



S=YRYRY 
ϕ = (q0, q1, q2, q1, q2, q1, q0) 
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M2 = (Q, α, Pt,  Pe)  
 Q = {q0, q1, q2, q3, q4}  

 α ={A, C, G, T}  
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Finding the Most Probable Path 

Example: C A T T A A T A G 

feature 1: C 

feature 2: ATTAATA 

feature 3: G 
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φmax = argmax
φ

P(φ S) = argmax
φ

P(φ,S)
P(S)

= argmax
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P(φ,S)

= argmax
φ

P(Sφ)P(φ)
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P(φ) = Pt ( yi+1 | yi )
i=0
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P(S |φ) = Pe(xi | yi+1)
i=0

L−1

∏
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φmax = argmax
φ

Pt (q0 yL ) Pe(xi yi+1)Pt (yi+1 yi )
i=0

L−1

∏

emission prob. transition prob. 
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φ = y0y1...yL+2
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S = x0x1...xL
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V(i,k) =
max

j
V ( j,k −1)Pt (qi q j )Pe(xk qi )   if k > 0,

Pt (qi q0 )Pe(x0 qi )   if k = 0.

⎧ 
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⎩ ⎪ 
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P(φmax ) = max
i
V(i,L −1)Pt (q0 qi )
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k-2 k+1 . . . . . . 

In the final column: 
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T (i,k) =
argmax

j
V( j,k −1)Pt (qi q j )Pe(xk qi ) if k > 0,

0 if k = 0.
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T( T( T( ... T( T(i, L-1), L-2) ..., 2), 1), 0) = 0 
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V(i,k) =
max

j
V ( j,k −1)Pt (qi q j )Pe(xk qi )   if k > 0,

Pt (qi q0 )Pe(x0 qi )   if k = 0.

⎧ 
⎨ 
⎪ 

⎩ ⎪ 



λtrans[qi]={qj | Pt(qi|qj)>0} 

λemit[s] = {qi  | Pe(s|qi)>0} 

initialization 

fill out main part of DP matrix 

choose best state from last 
column in DP matrix 

traceback 
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F ( j,k −1)Pt (qi | q j )Pe(xk−1 | qi)
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max
j V ( j,k −1)Pt (qi | q j )Pe(xk | qi )

the single most 
probable path 

sum over all 
paths 
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P(S,φ)
all

paths
φ

∑i.e., 
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F (i,k ) =

1 for k = 0,i = 0
0 for k > 0,i = 0
0 for k = 0,i > 0

F ( j,k − 1)Pt (qi | qj)Pe (xk−1 | qi)
j=0

| Q| −1

∑ for 1≤ k ≤ | S |,
     1≤ i <| Q |

⎧ 

⎨ 

⎪ 
⎪ 
⎪ 

⎩ 

⎪ 
⎪ 
⎪ 

    

€ 

P(S | M ) = F (i, | S |)Pt (q0 | qi)
i=0

| Q| −1
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fill out the 
DP matrix 

sum over 
the final 
column to 
get P(S) 



to state 
0 1 2 

from 
state 0 0 (0%) 1  (100%) 0   (0%) 

1 1 (4%) 21 (84%) 3   (12%) 
2 0 (0%) 3   (20%) 12 (80%) 

symbol 
A C G T 

  in 
state 1 6 

(24%) 7 
(28%) 5 

(20%) 7 
(28%) 

2 3 
(20%) 3 

(20%) 2 
(13%) 7 

(47%) 
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ATG TGA 

coding segment 
complete gene 

ATG GT AG GT AG . . . . . . . . . 
stop codon donor site acceptor 

site 

exon exon intron intron 
TGA 



exon 1 exon 2 exon 3 

AGCTAGCAGTATGTCATGGCATGTTCGGAGGTAGTACGTAGAGGTAGCTAGTATAGGTCGATAGTA 

Intergenic 

Start 
codon 

Stop 
codon 

Exon 

Donor Acceptor 

Intron 

q0 



H3 H5 
H17 

H27 H77 

H95 



    

€ 

F =
2× Sn× Sp

Sn + Sp
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Sn =
TP

TP + FN
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Sp =
TP

TP + FP



nucleotides splice 
sites start/stop 

codons exons genes 
Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 

baseline 100 28 44 0 0 0 0 0 0 0 0 0 
H3 53 88 66 0 0 0 0 0 0 0 0 0 

Intergenic 

Start 
codon 

Stop 
codon 

Exon 

Donor Acceptor 

Intron 

q0 

≈ 



nucleotides splice 
sites start/stop 

codons exons genes 
Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 

H3 53 88 66 0 0 0 0 0 0 0 0 0 
H5 65 91 76 1 3 3 3 0 0 0 0 0 



nucleotides splice 
sites start/stop 

codons exons genes 
Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 

H5 65 91 76 1 3 3 3 0 0 0 0 0 
H17 81 93 87 34 48 43 37 19 24 21 7 35 

Intergenic 
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codon 

Stop 
codon 

Exon 

Donor Acceptor 

Intron 

q0 



GTATGCGATAGTCAAGAGTGATCGCTAGACC 
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phase: 

sequence: 

coordinates: 



nucleotides splice start/stop exons genes 
Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 

H17 81 93 87 34 48 43 37 19 24 21 7 35 
H27 83 93 88 40 49 41 36 23 27 25 8 38 



   A   T   G 

   T   G   A 
   T   A   A 
   T   A   G 

   G   T    A   G 



nucleotides splice start/stop exons genes 
Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 

H27 83 93 88 40 49 41 36 23 27 25 8 38 
H77 88 96 92 66 67 51 46 47 46 46 13 65 



nucleotides splice start/stop exons genes 
Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 

H77 88 96 92 66 67 51 46 47 46 46 13 65 
H95 92 97 94 79 76 57 53 62 59 60 19 93 



 
nucleotides 

splice 
sites 

start/stop 
codons exons genes 

 Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 
baseline 100 28 44 0 0 0 0 0 0 0 0 0 
H3 53 88 66 0 0 0 0 0 0 0 0 0 
H5 65 91 76 1 3 3 3 0 0 0 0 0 
H17 81 93 87 34 48 43 37 19 24 21 7 35 
H27 83 93 88 40 49 41 36 23 27 25 8 38 
H77 88 96 92 66 67 51 46 47 46 46 13 65 
H95 92 97 94 79 76 57 53 62 59 60 19 93 

 



A C G C T A  
P(G|AC) 

A C G C T A  
P(G|C) 

A C G C T A  
P(G) 

0th order: 

1st order: 

2nd order: 
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Pe (gn | g0...gn−1,qj) ≈
C (g0...gn ,qj)
C (g0...gn−1s,qj)

s∈α
∑



order nucleotides splice 
sites starts/ 

stops exons genes 
Sn Sp F Sn Sp Sn Sp Sn Sp F Sn # 

H95 0 92 97 94 79 76 57 53 62 59 60 19 93 
H95 1 95 98 97 87 81 64 61 72 68 70 25 127 
H95 2 98 98 98 91 82 65 62 76 69 72 27 136 
H95 3 98 98 98 91 82 67 63 76 69 72 28 140 
H95 4 98 97 98 90 81 69 64 76 68 72 29 143 
H95 5 98 97 98 90 81 66 62 74 67 70 27 137 
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Pe
backoff gn g0 ...gn−1,q j( ) =

           

C(g0 ...gn ,q j )
C(g0 ...gn−1s,qj )

s∈α
∑

if C(g0 ...gn−1,q j ) ≥ K or n = 0

Pe
backoff gn g1...gn−1,q j( )   otherwise
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Pe
IMM (gn g0 ...gn−1) =

        
λn
GPe(gn g0 ...gn−1)+ (1−λn

G )Pe
IMM (gn g1...gn−1)  if n > 0

Pe(gn )  if n = 0
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λn
G =

1   if m ≥ 400

0   if m < 400 and c < 0.5

c
400

C(g0 ...gn−1x)
x∈α
∑   otherwise

⎧ 

⎨ 

⎪ 
⎪ 
⎪ 

⎩ 

⎪ 
⎪ 
⎪ 

AGC...TA  
   0      1     2   .......  n-1  n 

€ 

c =1−P(χ 2 )
=confidence that kth order is 
significantly different 





•  An HMM is a stochastic generative model which emits 
sequences 

•  Parsing with an HMM can be accomplished using a decoding 
algorithm (such as Viterbi) to find the most probable state-path 
generating the input sequence 

•  When state-labeled sequences are available, training of 
HMMs can be accomplished using labeled sequence training  

•  Otherwise, training of HMMs can be accomplished using 
Expectation-Maximization (EM) (next lesson...) 

• Posterior decoding can be used to estimate the probability 
that a given symbol or substring was generate by a particular 
state (next lesson...) 


